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Abstract 
Strongly nonlinear periodic waves are investigated in an initially compressed chain of spheres under Hertz contact. A harmonic 
excitation force disturbs the first grain with an amplitude comparable to the initial compression and the steady strain-wave 
profiles at large distances from this disturbance are compared with predictions from the long wave approximation.  Two 
qualitatively different types of quasi-stationary periodic waves are apparent in the system: one with minimum and maximum 
strain values above the static value and one whose minimum strain is below and maximum value is above the initial strain.  From
the frequency spectrums of the calculated force between particles, new forcing functions are constructed that allow rapid 
formation of quasi-stationary strongly nonlinear periodic waves. 
PACS: 05.45.Yv; 46.40.Cd; 43.25.+y; 45.70.-n
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1. Introduction 
One-dimensional chains of masses interacting according to Hertz contact law have been shown to support 
strongly nonlinear waves [1-11].  The dynamic behavior of these idealized materials allow the investigation of 
nonlinear, dispersive and dissipative effects in the simplest analog to unconfined granular materials or other strongly 
nonlinear systems [12].  The dynamic response of these materials (wave speed in particular) is highly tunable [10] 
depending on the initial compression in the chain, which determines the propagation regime for compression solitary 
waves.   
It was shown that strongly nonlinear solitary waves are the main mode of signal propagation in chains where the 
strain amplitude of the signal is much larger than the initial strain (i.e. impacts imparted to a chain that is weakly 
compressed).  These waves exhibit qualitatively different features than weakly nonlinear solitary waves.  They have 
a finite width [1-3, 5-8] that is independent of its amplitude, and a pulse speed that is much smaller than the bulk 
sound speed of the sphere (grain) material [6].  The speed of the strongly nonlinear solitary waves observed in 
assembled phononic crystals can be below the range of sound speed of fluids and gases, which was demonstrated for 
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systems composed of various materials (e.g. nylon, glass, PTFE) [5-9].  The long wave equations leading to the
solitary wave solution in the strongly nonlinear case can also generate a weakly nonlinear solution when the
amplitude of the strain wave is much smaller than the initial strain.
Recent investigations of periodic signal propagation in granular chains have focused on weakly nonlinear
periodic waves [14-17]. In these investigations the linear dispersive properties of the signal are altered by the weak
nonlinearity producing self-demodulation [14], nonlinear supratransmission and indications of the Benjamin-Feir
instability [15], which is present in one-dimensional turbulence models.
The aim of this work is to identify and classify stationary strongly nonlinear periodic waves. The formation and
propagation of stationary signals (quasi-harmonic) in strongly nonlinear chains of particles will be investigated. An
exact solution for strongly nonlinear periodic waves including initial compression has yet to be found.  However, we 
aim to find admissible approximate solutions from numerical calculations.  Periodic signals are emitted from the
boundary in the numerical calculations and the observed modifications of these signals are due to nonlinearity and 
dispersion caused by discreteness.
The properties of commonly used materials in experiments involving strongly nonlinear waves will be used in the
numerical calculations to make a connection to practical applications.  The equations of motion for adjacent
particles under Hertz contact is 
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where Ai-1,i and Ai,i+1 depends on the geometry of the region of contact and the material properties,



















 where Ei and Ei+1, and Ȟi and Ȟi+1 are the elastic moduli and Poisson’s ratio and Ri and Ri+1 are the radii of contact 
of the particles. In the following numerical calculations these parameters are chosen to be: E = 193 GPa, R = 2.38
mm, Ȟ = 0.3, m = 0.443 g and F0 = 2.376 N and are typical for stainless steel spheres in experimental conditions [7].
In the long wave approximation of Eq. (1), it is assumed that the wavelength of the propagating waves is much
larger than the distance between particle centers (L >> a = Ri + Ri+1) [1, 6],
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where c2 = Aa5/2 is a constant with the dimensions of velocity.  The regularized wave equation can be found in
[6].  The expression for the long-wave sound speed c0 can be obtained based on the linearization of Eq. (3),
c0  c 3/2[
1/ 4
1   [1], where [1  is the initial strain due to static compression. We would like to analyze the
stationary wave solutions of Eq. (3) using u(x,t) = u(x í Vt), where V is the wave speed. The variable replacement z
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Equation (4) is simplified further by rescaling z = (V/c)5y and x = Ș , 
 (5).02
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It is interesting to compare strongly nonlinear stationary periodic waves from numerical calculations of a discrete
chain of particles with a Hertzian interaction with the solution to Eq. (5). The differences between the two solutions
owe to the discreteness of the dynamic problem in the numerical calculations, which will play a separate role from
the dispersive effects noted in [14, 15]. For example, a recent investigation shows that the effects of discreteness
disrupt the propagation of weakly nonlinear periodic waves in triangular lattices due to the slight differences in
particle diameters [17].
2. Results of Numerical Calculations and Discussions
In the numerical calculations a sinusoidal excitation is imposed to the boundary particle in a compressed chain at
different frequencies to observe stationary portions of the wave profile at various distances from this boundary.  It
should be mentioned that it is much more difficult to create a stationary strongly nonlinear periodic wave train than
a single strongly nonlinear wave. This is due to the fact that a single pulse may be created with a G-function force
resulting in a single compact solitary wave in the case of no static compression.
On the other hand, when the excitation frequency is below the cutoff frequency and the amplitude of the periodic
forcing function is large enough, multiple strongly nonlinear pulses are continuously created and propagate within
the system when the nonlinearity outweighs the dispersive properties in the system (i.e. the dynamic force is 
comparable to the static compression force).  Granular chains that are initially compressed have a characteristic cut-
















From the dispersion relation [2, 15], the critical wave number kc = S/a and the critical wavelength follows as Oc = 
2a.
In the following numerical calculations the external force acting at the first particle is 
,)2sin()( 01 FftFtF a  S  (7)
where Fa is the amplitude of the forcing function and F0 is the constant static force (F0 = 2.376 N and the material
parameters are given in the discussion following Eq. (2)).  The periodic force is applied in an attempt to create
stationary periodic waves with comparable amplitude to the initial static force.  Since Eq. (7) is not a stationary
solution corresponding to Eq. (5), there will be transient regions of the propagating wave profile (see Fig. 1).  It is 
expected from the weakly nonlinear investigations [14, 17] that the chain should act as a low-frequency antennae
(see Fig. 1 (b)), propagating low frequency disturbances in front of the transients since dispersion is also present in
the strongly nonlinear systems.  These lower frequency disturbances may form quasi-stationary periodic wave
formations (see Fig. 1 (a)). Also, strongly nonlinear waves may lead periodic wave formations since its wave speed
will be the highest of any propagating disturbance with similar maximum strain [18].
Several cases were investigated with high amplitude sinusoidal excitations with the frequencies; f = fc/7, f = fc/6.5,
f = fc/5, and f = fc/3. Here, we will only focus on the case where f = fc/3 to show the resulting wave profiles and f = 
fc/7  to provide a discussion about how strongly nonlinear periodic waves may be generated in a system with
minimal transients.
In the numerical calculations for f = fc/3 the number of spheres were 30,000, which undergo an initial static
compression of F0 = 2.376 N applied to the first particle similar to previous experiments [7, 10] on these chains. This
corresponds to the cutoff frequency fc = 36.29 kHz (Eq. (6)).  The last particle in the chain is fixed, representing a
solid boundary, but the calculations are terminated before the signal reaches this particle.
In Fig. 1 the results are shown for the calculation of 30000 particles excited by the boundary particle at the
frequency f = fc/3 and Fa = 1N. The time history of the Force is shown in Fig. 1 (a) and the frequency spectrum of 
four different parts of the signal is shown in Figs. 1 (b),(c) for the 21472nd particle.  In part (a) there is a leading
solitary wave followed by a transient region, a quasi-periodic region, a second transient region and a second quasi-
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periodic region.  A third transient region (not shown) follows the second quasi-periodic region. The time  = 0
corresponds to the time when the signal reaches the 21472nd particle.  The frequency spectrum of the signal in Figs.
1 (b),(c) show three main peaks.  Interestingly, in calculations with different frequencies, the number of peaks was
proportional to the cutoff frequency divided by the excitation frequency.  Also, the first quasi-periodic wave has the
same number of frequency peaks as the second transient region, but they are shifted to lower values. This indicates
(shown in the frequency spectrum in Fig. 1 (b),(c)) that the  lower frequencies propagate ahead of the higher
frequency portions.
To check if the quasi-periodic portions of the signal in the left half of Fig. 1 (a) are solutions to Eq. (5), the
numerical data for the displacement was converted to the rescaled strain y [13] and compared to the numerical
solution of Eq. (5).  This comparison is shown in Fig. 2.  To rescale the strain values for this comparison, the
velocity of the pulse was calculated based on Eq. (1.126) in [6], and was Vp = 547.5 m/s.  The signal is shown to
propagate with values of y between the minimum and maximum allowable values indicating that this is not a train of
solitary waves, but a periodic wave formation.  The apparent phase different between the two curves is due to the
error in the calculated periodic wave speed (a 0.05 % difference matches the two curves exactly).  The details of this
comparison can be found in [18].
Fig.1 Force vs. time plot and the frequency spectrum of four different parts of the signal for the 21472nd particle (force between 21472nd and
21473rd particles).  The boundary conditions come from Eq. (7) with an excitation frequency f = fc/3 and amplitude Fa = 1 N. The time  = 0
corresponds to the time when the signal reaches the 21472nd particle.  The number of peaks in the frequency spectrum is equal to the ratio of 
frequency of exciting force and cut off frequency.  In part (a) the figure is split into two parts since the transient region gradually increases in 
amplitude until it levels off as shown in the rightmost part of the subfigure. 
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Since there are regions appearing to be quasi-periodic as a result of harmonic excitation of the nonlinear chain, it
is interesting to see if boundary conditions can be constructed to propagate strongly nonlinear periodic signals with
minimal transients.  The functions for the boundary conditions may be modified by replacing the harmonic function
with a composition of harmonic functions derived from the frequency spectrum from the calculated signal.
Fig. 2  Comparison of the numerical data for the first quasi-periodic region from Fig. 1 (a) with a solution from Eq. (5). The calculated velocity 
is off by .05% and this creates the time dilation.
For example, for a harmonic forcing function where Fa = 1 N and f = fc/7, seven main peaks were apparent in the
frequency spectrum of the quasi-periodic portion of the wave. A composite forced boundary condition was
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where Pi = [2.612, 0.204, 0.137, 0.077, 0.038, 0.0176, 0.00763, 0.00315, 0.00125] and fi = [0, 4260, 8510, 12770,
17030, 21290, 25540, 29800, 34060] Hz, and I = 0.0001332 s. These values were taken from the peaks of the
calculation with the boundary conditions corresponding to Eq. (7) with f = fc/7 and Fa=1 N.  The result from the
numerical calculations with this particular forcing function is shown in Fig. 3 for a chain of 500 particles.
Curve (1) is the force vs. time plot for the first particle which has the special boundary conditions imposed upon
it.  The curve is shifted vertically 0.5 N from curve (2) for clarity.  Curve (2) is the force vs. time plot for the 100th
particle.  Both curves are very similar in shape and have approximately the same period (peak to peak).  However,
since we only took the maximum spectrum values, there are small noticeable transient signals in curve (2), which do 
not affect the stability of the propagating periodic pulse within at least 400 particles. .  It can be seen that the force
profiles at the 1st and 100th particles are almost identical, which shows that the periodic pulse travels with little
change in form.
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Fig.3  The forced boundary conditions for the periodic wave generation were taken from the peaks of the calculation with the boundary
conditions corresponding to Eq. (7) with f = fc/7 and Fa=1 N.  Curve (1) is the force vs. time plot for the first particle which has the special
boundary conditions imposed upon it. The curve is shifted vertically 0.5 N from curve (2) for clarity.  Curve (2) is the force vs. time plot for the 
100th particle. The vertical scale is 0.2 N/div. 
3. Conclusion
We have shown that quasi-periodic waves exist in granular chains with Hertzian contact.  The solutions from the
numerical calculations coincide with the results from the long-wave approximation.  This means that the long-wave
approximation may be used to check whether a specific wave profile with a given frequency will propagate
undisturbed in the discrete chain! We also observed two kinds of periodic waves; one with a minimum close to the
initial conditions (i.e. the minimum force in the periodic wave is slightly larger than the static compression force)
and those which oscillate around the static compression force (see Fig. 1 (a)). We were also able to construct a 
simple and effective way to excite periodic waves at the boundary with a minimal transient leading the periodic
signal.
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